We consider the theory (ACF p ) P of pairs F < K of algebraically closed fields of a given characteristic p. We exhibit a collection of additional sorts in which this theory has geometric elimination of imaginaries. The sorts are essentially of the form ∪ a∈B(F ) V a (K)/G a (F ), where G, V, B are varieties over the prime field G a group scheme over B and V is a scheme over B (both with irreducible fibres), G acts algebraically on V over B, and for generic b ∈ B(F ) the action of G b (F ) on V b (K) is generically free (namely regular on generic orbits).
Introduction and preliminaries
By a pair of algebraically closed fields we mean a structure (K, F, +, ·, −, 0, 1) where F, K are algebraically closed fields and F is a proper subfield of K. The language is that of rings together with an additional unary predicate symbol. We let P denote this predicate symbol and sometimes refer to P rather than F . It is well-known that all such pairs are elementarily equivalent as long as they have the same characteristic (see [6] ). Fixing the characteristic to be p, the resulting complete theory, (ACF p ) P coincides with the theory of beautiful pairs of algebraically closed fields of characteristic p (see [11] ). (ACF p ) P is ω-stable of Morley rank ω, and a relative quantifier elimination is well-known.
The status of imaginaries or quotients of definable sets by definable equivalence relations, in pairs of algebraically closed fields (or even in more general theories of pairs) has not been studied as yet, other than in [10] . In the current paper we give a rather complete description of such quotients, but only up to definable correspondence rather than definable bijection. Roughly speaking, up to the fudge factor, the definable equivalence relations are just orbit equivalence relations for the action of G(F ) on V (K) where G is an algebraic group acting on an algebraic variety V , all defined over F , and where G(F ) acts generically freely on V (K) (namely for a ∈ V (K) generic over F , and g ∈ G(F ) g · a = a unless g is the identity). Our results also hold for strongly minimal sets in which acl(∅) is infinite (in place of algebraically closed fields).
Our approach to understanding imaginaries is via canonical bases. We make use, among other things, of the description in [1] of canonical bases in "lovely pairs" of models of a simple theory. The problem the current paper broaches was raised explicitly in [1] . Thanks to Itay Ben-Yaacov and Evgueni Vassiliev for discussions on the topic. In particular, joint work with Vassiliev on the problem appeared in [10] which the current paper extends. Thanks also to Ehud Hrushovski for very helpful discussions in the spring of 2005, and to the Isaac Newton Institute for its hospitality during this time.
In the remainder of this introduction we first recall for the general reader notation and facts around imaginaries and their elimination. We then recall relevant facts and results from [1] and [10] on definability in pairs and make some additional observations. The proof in section 2 of the main result will be, modulo these observations, an application of the general theory of internality and "binding groups". The model-theoretic content is that in a pair of algebraically closed fields F < K, any definable set of finite Morley rank is analysable in F in at most two steps. In this sense our results are connected to Zilber's well-known ladder theorem for uncountably categorical structures [12] .
Fix for now a complete theory T in a possibly many-sorted language L. Let M be a saturated model of T . For a subset A of M , by an A-definable set in M we will mean a subset X of some finite Cartesian product of the designated sorts of T which is defined by a formula of L with parameters from A. By an A-interpretable set we mean something of the form X/E where X is an A-definable set and E an A-definable equivalence relation on X. By an imaginary of M we mean an element of a ∅-interpretable set, namely something of the form a/E where a is a finite tuple of elements from designated sorts of M and E is a ∅-definable equivalence relation on some ∅-definable set X containing a. T is said to have elimination of imaginaries, if every imaginary element is interdefinable with some finite tuple of elements from the designated sorts. Assuming that T has at least two distinct constants this is equivalent to requiring that for each ∅-interpretable set X/E there is a ∅-definable set Y and an ∅-definable surjective map f : X → Y inducing a bijection between X/E and Y . We could also say that X/E is in ∅-interpretable bijection with a ∅-definable set. One can of course achieve elimination of imaginaries in a tautological manner by working in T eq and M eq , namely by adjoining sorts for all ∅-interpretable sets. By doing this one also erases the distinction between definability and interpretability. (This procedure is analogous to forcing quantifier-elimination by Morleyizing.) However in analyzing specific theories, this sheds no light on what is going on. In any case, in the absence of elimination of imaginaries, one would at least desire some description of the ∅-interpretable sets. This could take the form of specifying some sorts in T eq such that the restriction of T eq to those sorts has elimination of imaginaries. This amounts to the same thing as specifying a collection X i /E i of ∅-interpretable sets such that every imaginary in M is interdefinable with an element of some X i /E i . A weaker relation than interdefinable is interalgebraic. We say that elements a, b ∈ M eq are interalgebraic if there is a ∅-definable relation R(x, y) in M eq such that |= R(a, b) and for all x there are only finitely many y such that R(x, y) and vice versa. So we will be proving that any imaginary in (ACF p ) P is interalgebraic with some imaginaries of a special form. In general a (possibly many-sorted) theory is said to have geometric elimination of imaginaries if every imaginary is interalgebraic with a finite tuple of elements from the designated sorts. Finally we mention canonical parameters. If X is a definable set in M (namely A-definable for some A), then X has a canonical parameter in M eq : if X is defined by φ(x, a) then let E φ (y, z) be the ∅-definable equivalence relation ∀x(φ(x, y) ↔ φ(x, z)). Then the imaginary a/E φ is a canonical parameter for X, and is unique up to interdefinability. Conversely it is clear that every imaginary is the canonical parameter for some definable set. It is well-known that the theory ACF p of algebraically closed fields of a given characteristic p ≥ 0 (in the language of rings, +, ·, −, 0, 1) eliminates imaginaries. This has the following "geometric" restatement (or content): if X is an irreducible algebraic variety, and and E an irreducible closed subvariety of X × X such that for some nonempty Zariski open subset U of X, E ∩ (U × U ) is an equivalence relation, then there is an algebraic variety Y and a dominant rational map f : X → Y such that for a, b ∈ U , (a, b) ∈ E iff f (a) = f (b). So one may expect that imaginaries in pairs of algebraically closed fields would also have some geometric significance. The key objects will be groups actions and principal homogeneous spaces.
Fix a complete theory T , and M a saturated model. By a definable group action we mean a triple ((G, ·), X, α) where (G, ·) is a definable group, X a definable set, and α a definable (group) action of the group G on the set X. If the action of G on X is transitive, we call the triple a definable homogenous space and if the action is moreover strictly transitive (also called regular) we call it a definable principal homogeneous space (or definable PHS). Any definable group action will of course have a canonical parameter. This could be a 4-tuple (e 1 , e 2 , e 3 , e 4 ) where e 1 is a canonical parameter for the definable set G, e 2 for the group operation, etc. In fact simply a canonical parameter for the graph of the action α would suffice. If T is ACF p , namely M is an algebraically closed field, then a definable homogeneous space is the same thing as a homogeneous space in the sense of algebraic geometry, even with regard to "rationality" issues. Namely if (G, X, α) is a definable homogenous space, definable over the subfield k < K, then there is an algebraic group G 1 over k, an algebraic variety X 1 over k and a k-rational action
From this point one we will assume familiarity with model theory, stability theory, as well as the naive language of algebraic geometry. See for example [7] , [8] and [9] . But we keep to the conventions in the previous paragraph. So we will not assume T = T eq unless explicitly said. Let us now assume T to be a stable theory and again work in a saturated model M . The notion of canonical base will be crucial in this paper. If p(x) ∈ S(A) is a stationary type, andp its nonforking extension to M , there will be a (possibly infinite) tuple e of imaginaries such that an automorphism of M fixesp iff it fixes the tuple e. e is called the canonical base of p, written Cb(p) and is unique up to interdefinability. If p is not necessariy stationary, let P be the set of nonforking extensions of p to M . There is again a tuple e of imaginaries such that an automorphism of M fixes e iff it fixes P as a set. We write e = cb(p). Assuming T to be totally transcendental, both Cb(p) and cb(p) (for p not necessarily stationary) can be taken to be single imaginaries. Fact 1.1. Let e be an imaginary in M and let a be a finite tuple of elements from the designated sorts of T such that e = f (a) for some ∅-definable (or rather interpretable) function f . Then e = cb(tp(a/e). Moreover if e = Cb(tp(a/acl eq (e)), then e ∈ acl(e) and e ∈ dcl(e ).
Recall that a stationary type p(x) ∈ S(A) is said to be almost internal to a partial type Σ(y) over A, if there is B ⊃ A and a realizing p|B such that a ∈ acl(B ∪d) for some finite tupled of realizations of Σ. If we demand rather "a ∈ dcl(B) ∪d", we say that p is internal to Σ. Fact 1.2. (T stable.) Suppose tp(a/A) is stationary and almost internal to the partial type Σ. Then there is a ∈ M eq such that a ∈ dcl(a, A), a ∈ acl(a ) and tp(a /A) is internal to Σ. Moreover a can be taken to be a code (canonical parameter) for a certain finite set of realizations of tp(a/A).
Proof. This is Theorem 1.2 of [2] in the more general simple case. But the proof in the stable case is standard: Let b be independent from a over A and d a tuple of realizations of Σ such that a ∈ acl(A, b, d). Let q = tp(b, d/Aa), and c = cb(q). Then c ∈ dcl eq (A, a), tp(c/A) is Σ-internal, and a ∈ acl(A, c). Let a 1 .., a n be the finite set of realizations of tp(a/A, c), and let the imaginary a be a code for {a 1 , .., a n }. Then a is as required. Now assume for simplicity that T is 1-sorted. Let L P be the language L of T together with a new predicate symbol P . Any elementary pair M < N of models of T can be considered as an L P -structure by interpreting P as the universe of the bottom model M . So we write the pair (N, M ) as (N, P ).
A beautiful pair of models of T is an elementary pair M < N such that M is |T | + saturated and N is |T | + -saturated over M (any L-type over M together with a subset of N of cardinality at most |T | is realized in N ). The theory T P of beautiful pairs of models of T (in the language L P ) is complete.
Fact 1.3. ([11])
Suppose T is stable without the finite cover property. Then (i) any saturated model of T P is a beautiful pair, (ii) T P is stable, (iii) any formula φ(x) of L P is equivalent modulo T P to a Boolean combination of formulas of L P -formulas of the form ∃y ∈ P (ψ(y,x)) where ψ is a quantifier-free L P -formula.
The special case of pairs of algebraically closed fields has been studied by Keisler [6] . He showed that the theory of proper pairs (F < K) (F = K) is complete and so in particular coincides with the theory of beautiful pairs. As ACF does not have the finite cover property, Fact 1.3 applies. Buechler in [3] studied arbitrary pairs of strongly minimal sets, and notes that (ACF p ) P is ω-stable of Morley rank ω. (In fact all these observations about pairs of algebraically closed fields should be considered folklore.) On the other hand, replacing "beautiful" by a generalization "lovely", which is appropriate for simple theories, Poizat's results were generalized to the simple context in [1] . The detailed structural analysis there is useful for the stable case, and even for the case where T is strongly minimal.
In any case we will now assume that T = ACF p for p = 0 or a prime, with L the language of rings, and state some general results from [1] and [10] in this special case. Remember that T eliminates imaginaries.
Let us fix a saturated model (K, F ) of T P which we write also as (M, P ). Let us first remark that by stability (of T P ), any subset X of P n which is L Pdefinable with parameters in (M, P ) is L P -definable with parameters from P . But then X is L-definable in the algebraically closed field F = P by Fact 1.3 (iii).
For a a tuple from M , let a c = Cb(tp L (a/P )). Equivalently if V is the variety over F whose F -generic point is a, a c is a finite tuple of generators for the field of definition of V . Letâ = (a, a c ). We extend this notation to infinite tuples and hence sets.
The following description of forking in (M, P ) comes from [1] : Fact 1.4. Let A ⊂ B, C be subsets of M . Then B is independent from C over A in the sense of (M, P ) iff (i) B is independent from acl L (C, P ) over acl L (A, P ) in the sense of L, and (ii)B is independent fromĈ overÂ in the sense of L.
The following is Lemma 2.5 from [10] .
Among the crucial facts we will be using is the following (Proposition 7.5 of [1] ). Fact 1.6. Let B be an elementary substructure of (M, P ) and let a be a finite tuple from
Explanation: d is (a tuple of generators for) the field of definition of the variety over acl(B, P ) whose generic point is a. If it so happened that a is independent from P over B in the sense of ACF , then d is a tuple from P and so Cb(tp L P (d/B)) = d and the Fact says that d itself is the canonical base of tp L P (a/B). eq and B 0 = acl L P (e) ∩ P . Let c be a tuple from P . Then tp L P (c/B 0 , e) is finitely satisfiable in B 0 .
Proof. It is clear that tp L P (e/P ) is stationary and is the unique nonforking extension of tp L P (e/B 0 ). Hence tp L P (e/P ) is definable over B 0 . So for a given formula ψ(z, y) of L eq P over B 0 we have some χ(y) over B 0 such that for all d ∈ P , |= ψ(e, c) iff |= χ(d). But by 1.3(iii), there is an L-formula χ (y) over B 0 such that for for d in P , |= χ(d) iff |= χ (d). But B 0 is an elementary substructure of the algebraically closed field F = P . Hence if c ∈ P and |= ψ(e, c), then |= χ(c), so |= χ (c), so |= χ (c ) for some c ∈ B 0 , and repeating we obtain |= ψ(e, c ).
Main result and proof.
We continue with the notation at the end of the previous section. So T is a complete theory of algebraically closed fields in the language L of rings, T P is the theory of proper pairs in L P , and (K, F ) is a saturated model of T P of size κ, also denoted by (M, P ). Note that F is then of transcendence degree κ and K of transcendence degree κ over F . Note also that, for V an algebraic variety defined over F , V (F ), the set of F -rational points of V , is definable not only in the field F but also in the pair (K, F ).
eq . Then there are a connected algebraic group G, an irreducible variety V , and a (rational) action of G on V , all defined over F , such that (i) the action of G(F ) on V (K) is generically free in the sense that for a ∈ V (K) a generic point of V over F and g ∈ G(F ) different from the identity, g · a = a, and (ii) for some a ∈ V (K) generic over F , e is interalgebraic with a canonical parameter for the orbit X = G(F ) · a (that is for the definable PHS (G(F ), X)).
The rest of the section is devoted to the proof of 2.1. We will proceed through a sequence of lemmas. Let e ∈ (M , P ) eq be an imaginary. Because of what we are trying to prove we will feel free to replace e by something interalgebraic with it. We will keep a record of the current assumptions on e.
Lemma 2.2.
There is e ∈ (M , P ) eq interalgebraic with e, such that for some finite tuple d from K, e = Cb(tp L P (d /e )) and tp L P (d /e ) is internal to P .
Proof. Let a be a tuple from M such that e = f (a) for some ∅-definable function (in (M, P ) eq ) and let e 1 = Cb(tp L P (a/acl eq (e)). Then e 1 is interalgebraic with e (Fact 1.1). Let (B, P (B)) be an elementary substructure of (M, P ) such that e 1 ∈ (B, P (B)) eq and a is independent from B over e 1 . Let d = Cb(tp L (a/acl(B, P )). By elimination of imaginaries in T and ω-stability, d can be assumed to be a finite tuple from M . Let e 2 = Cb(tp L P (d/B)). By Fact 1.6, e 1 and e 2 are interalgebraic (in (M, P ) eq ). By 1.4, there is an imaginary d ∈ (M, P ) eq such that d is a code for a finite set of realizations of
2 ) (which note is stationary) is internal to P . Let e = Cb(tp L P (d /e 2 )). Then e ∈ dcl L P (e 2 ), and
is L P -independent from e 2 over e , hence e 2 ∈ acl L P (e ). So e and e are interalgebraic in (M, P ) eq .
Remark 2.3. If in the above proof we could show that e 2 and e were interdefinable, then in the conclusion of Lemma 2.2 we could have the stronger statement e ∈ acl L P (e) and e ∈ dcl L P (e ).
Lemma 2.4. There is a tuple
Proof. Renaming e to be the e from Lemma 2.2, we have from there a stationary type p(y) over e, with a y a tuple of "real" variables, such that p is internal to P (in (M, P )) and e = Cb(p). Let (d i : i < ω) be a Morley sequence in p. By ω-stability of T P , e ∈ dcl L P (d 1 , .., d m ) for some m. On the other hand by Lemma 7.4.2 of [8] for sufficiently large m there is (in L P ) an e-definable function h(−, −) such that for any real-
for m large enough so that also e ∈ dcl L P (d). By compactness we find ψ as required by the lemma.
Lemma 2.5. In Lemma 2.4 we may assume that d is independent from P over e (in the sense of L P ).
Proof. For f , ψ and h as in Lemma 2.4, choose d such that (i), (ii), (iii) hold and RM (tp(d/e)) is minimized. We claim that d is independent from P over e. Suppose not and let b be a finite tuple from P such that d forks with b over e. Note that as tp(d/e) is internal to P , Morley rank is definable inside some formula φ(x, e) ∈ tp(d/e).
. Let χ(y, z) be a formula over e such that |= χ(d, b) and for At this point it is possible that tp L P (d/e) is algebraic, so by stationarity, d is its unique realization and e = d (up to interdefinability). The imaginary e has then been eliminated, but even then note that this trivial case fits into the conclusions of 2.1, namely take V to be the variety over F whose F -generic point is d and G the trivial group acting trivially on V . In any case from here on we may assume that tp L P (d/e) is not algebraic.
Let us introduce some notation: let B = acl eq L P (e), B 1 = B ∩ M and B 0 = B ∩ P . Let d be as in Lemmas 2.4 and 2.5.
is isolated. Let X be its set of realizations. Then there are a connected algebraic group G defined over B 0 and an "L P -definable over e" regular action of G(F ) on X. Moreover e is interalgebraic with a canonical parameter for the definable PHS (G(F ), X).
(Here we use ω-stability of T h(M, P ) eq .) Using Fact 1.8 it is easy to see that The rest of Lemma 2.6 is by now quite standard and treated in several texts. But note that the action of G(F ) on X is in general anti-isomorphic rather than isomorphic to the action of the "binding" group of B-elementary permutations of X. In any case as the issues of canonicity and parameters are crucial we will repeat a few words: Let C be the set of tuples c from P such that h(d, c) is defined and is in X.
is an e-definable function.) Note that all elements of X have the same type over B ∪ P . On C/E put x · y to be the unique z such that h (d, z) = h (h (d, x), y). As d is independent from P over B 0 , C/E and its group structure · are definable in F over B 0 , and thus B 0 -definably isomorphic to G(F ), for G an algebraic group defined over F . The function h (−, −) gives a regular (strictly transitive) action of G on X, definable in (M, P ) over e. As X is the set of realizations of a stationary type, G(F ) is connected in the sense of (M, P ) so G is connected as an algebraic group. The PHS (G(F ), X) is clearly L P -definable over B. On the other hand as e = f (d) for any d ∈ X, e is in the definable closure of any canonical parameter for (G(F ), X). So this yields also the last part of Lemma 2.6.
It remains to find an action of G on an algebraic variety V , all defined over B 0 , such that X can be identified with a "generic orbit" of G(F ) on V (K). This essentially follows from Proposition 2.2 of [5] , as our assumptions give us a "generic" rational action of G on the set of realizations of tp L (d/B 0 ). However to see rather more clearly why X will be a generic orbit under G(F ), and how and why V is an algebraic variety, we will go through an intermediate step. Proof. Let us write f (g, d) for g·d, where g ∈ G(F ). Then f is e-definable. There is no harm in assuming that
is generic over B 0 , then g is generic over d, B 1 (in the sense of ACF ), and moreover g · d is independent from d over e in L P , so by Lemma 1.7, g · d is independent from d over B 1 in the sense of L. So letting q(y) = tp L (d/B 1 ) this means we have a generic action, say h(−, −) of G on q, defined over B 1 in the sense of L. Moreover (*) for g ∈ G generic over B 1 and d |= q independent of g, h(g, d) is independent of d over B 1 . So (working in L), by Proposition 2.2 of [5] , there is a type-definable over B 1 set Y , an identification of (the set of realizations of ) q with a subset of Y (via a B 1 -definable embedding), and an action of G on Y (defined over B 1 and extending the generic action of G on q) such moreover (**) for every element y of Y there is g ∈ G independent of y over B 1 and a realizing q such that y = ga. But by (*) G acts transitively on realizations of q. Therefore the action of G on Y is transitive. In particular Y is definable over B 1 and has a unique type of maximal Morley rank. By (*) this "generic type" must be q. The identification of the set of realizations of q with a subset of Y yields an identification of X with a subset of Y such that the action of G on Y restricts to the given action of G(F ) on X.
Finally, as we are working with definability in algebraically closed fields, we may assume (definably over B 1 ) that Y is an (irreducible) algebraic variety over B 1 and the action of G on Y is also rational over B 1 . So Lemma 2.7 is proved.
Let us now complete the proof of Proposition 2.1. Let b be a finite tuple from B 1 such that all the algebraic-geometric data in 2.7 are defined over b. We may in the above identify q with tp(bd/b), we rewrite Y as Y b , and note that db is a generic point of Y b over b.
As d was independent from P over e (in the sense of L P ), it follows that bd is independent from P over B 0 (in both the L and L P senses). Thus there are irreducible varieties V, Z over B 0 , with generic points bd and b respectively, and a rational dominant surjection f : V → Z (over B 0 ) with f (bd) = b, and such that f −1 (b) = Y b . So there is a Zariski-open set U of Z defined over B 0 ) and a (rational) action of G on f −1 (U ) whose restriction to the generic fibre Y b is the action from Lemma 2.7. Rename V as f −1 (U ). Then db is a generic point of V over F and the orbit of db under G(F ) identifies with X. This completes the proof of Proposition 2.1.
We can restate Proposition 2.1 in terms of adjoining suitable sorts to T P to "geometrically" eliminate imaginaries. So consider G, V as in 2.1. Let c generate a field over which G, V and the action are defined. So c ∈ P . Then we easily find a variety Z over the prime field with generic point c, and varieties G, V with surjective regular maps to Z, such that G is a "group scheme" over Z, G acts fibrewise on V and the fibres G c , V c over the point c ∈ Z are G, V with the given action. Now from the data (G, V, Z) form a sort S (G,V,Z) of T eq P as follows: Let W say be ∪{V d : d ∈ Z(P )}, and let E be the equivalence relation on W , w 1 Ew 2 iff for some d ∈ Z(P ), w 1 , w 2 ∈ V d and are in the same orbit under the action of G d (P ). So clearly we have: Corollary 2.8. After adding the sorts S (G,V,Z) , T p has geometric elimination of imaginaries. Question 1. In Proposition 2.1, where G, V , and the action are both defined over F , can we can choose them such that G(K) acts transitively on V (K), namely (G, V ) is a homogeneous space? Question 2. Again in Proposition 2.1, can we choose G, V (for the imaginary e) such that G(K) acts regularly on its generic orbits in V (K)? This is the same thing as requiring that in Lemma 2.7, Y be a PHS for G.
The following example suggests that Question 2 has a negative answer. Let G be the standard semidirect product of the additive and multiplicative groups G a and G m . So G is defined over the prime field. Let T denote G m , and V = G/T , the space of cosets gT . The action of G on V (g, hT ) → (ghT ) is again defined over the prime field, and of course is transitive but not regular. Now consider our saturated model (K, F ) of T P . Let g be a generic point of G(K) over F . Then F ix(gT ) = T g . But T g ∩ G(F ) = {1}, hence G(F ) acts regularly on the orbit G(F ) · (gT ). Take X to be this orbit and let e ∈ (K, F ) eq be a canonical parameter for it. Note that this also gives (using notation from section 1) an example of tuples a, b ∈ K and d ∈ F such that d ∈ dcl L P (â,b), but d / ∈ acl L (â,b).
On the other hand we have:
Remark 3.1. If Question 2 has a POSITIVE answer, then every imaginary e ∈ (K, F ) eq is interalgebraic with a tuple of real elements together with a canonical parameter for some coset of G(F ) in G(K) for G some connected algebraic group G defined over F . Sketch of proof. The assumptions imply that in Lemma 2.7, the irreducible algebraic variety Y defined over B 1 is acted on regularly by G. As B 1 = acl(e) ∩ K, we can find y ∈ Y with coordinates in B 1 . Hence over B 1 , (G, Y ) is isomorphic to (G, G) (namely the action of G on itself. Under this isomorphism X goes to a coset of G(F ) in G(K). Thus (by 2.6 and 2.7) e is interalgebraic with a suitable tuple from B 1 together with a canonical parameter for the relevant coset of G(F ) in G(K).
Another question is whether we can replace "up to interalgebraicity" with "up to interdefinability" in Proposition 2.1, or at least find a suitable description of imaginaries up to interdefinability.
Finally, one is tempted to combine the results of this paper with the related but somewhat deeper results on algebraically closed valued fields in [4] , so as to describe imaginaries in "algebraically closed valued fields with a lifting of the residue field", or equivalently "pairs of algebraically closed fields equipped with a standard part map".
